Abstract. This paper is a unification of the "Alexandroff-Urysohn Double Circumference Construction", the one-point compactification, the Steiner and Steiner remainder theorem, and Whyburn's Unified Space. All of these are shown to be different aspects of a single construction.
The celebrated double circumference of Alexandroff and Urysohn was originally described in [1, pp. 13-15] . It is constructed by taking the union of two concentric circles and choosing the topology on the outer circle to be discrete. On the inner circle a basic neighborhood of a point x is defined to be the union of an open arc on the inner circle containing x and the corresponding (by radial projection) open arc on the outer circle with the point which corresponds to x deleted.
Engelking [4] generalized this construction by defining a similar topology on the union of two sets in the case where the first has a compact topology and the second is the same set but with the discrete topology.
In the examples above, the spaces constructed are compact Hausdorff spaces each of which contains a discrete set as a dense subset. From our point of view the examples provide us with a means of obtaining compactifications of these discrete spaces. Recall that a compactification of a locally compact space A" is a compact Hausdorff space Z such that X is embedded densely in Z. Z \ X is then called a remainder of X.
In this paper we develop a method of compactification which generalizes the above examples. We also show how this method of construction relates to one developed by Steiner and Steiner [5] and to Whyburn's Unified Space [6] .
We would like this method to give a compactification of an arbitrary (not necessarily discrete) locally compact space. We first note that both the previous constructions require a correspondence between points in the space X which was compactified and points in the remainder Y. In our generalization this correspondence will be given by a continuous map/: X -» Y.
Mimicking Engelking we describe the topology on X u Y as follows: For a point p in X, basic neighborhoods in X u Y will be the neighborhoods of p in the original topology on X. For a point q in Y and U an original neighborhood of q in Y we start with/"'(i/) u U and make the following observations.
(1) So that X u Y will be Hausdorff, whenever f(p) = q we must delete some neighborhood of p. (2) So that X u Y will be compact, what we delete must be compact. (3) So that X is dense in X u Y, we must be assured that/-1(C/) is not contained in any compact neighborhoods that are deleted. In particular, we must require that W)= Y.
Specifically, for q G Y we define a basic neighborhood of q to be (/ '( U) \ F) U U where U is any neighborhood of q in the original topology on Y, and F is any compact set in X. However from (3) above we see that if we want X to be dense in X u Y then /"'( U) must not be contained in any compact set.
This leads us to a concept which has been much studied in the past in a different context. (2) Given a space A", a compact space Y, and a mapping f:X-*Y with S CO "" 7 A" u y is a compactification of X.
It is clear that the radial projection map of the Alexandroff-Urysohn construction and the formal identity in Engelking's construction are singular maps (so long as the compact space has no isolated points) and that the topology in their constructions is the same as that induced by our definition.
Furthermore, if we define f(x) = a for each x G A, then our topology on A u {«} is the same as the 1-point compactification of A, since the neighborhoods of u in this case are (A \ F) u {to} where F is an arbitrary compact set.
Let A* = X u {w} denote the 1-point compactification of A and let N(u) denote a neighborhood of w. Steiner and Steiner [5] showed that if A is locally compact, K is compact, and if there is a continuous map f: X -* K such that f[N(u) n A] is dense for each neighborhood N(u>), of a, then X has a compactification X with a remainder homeomorphic to K. The closure of the graph of / in X* X K was shown to be such an X.
The In summary, our construction yields no more, as far as compactification methods are concerned, than the method of Steiner-Steiner. Its principal value is that it unifies several apparently diverse ideas. It is clearly a generalization of Engelking's extension of the original construction. More significantly, it describes the topologies in the Steiner-Steiner example and in Whyburn's Unified Space in such a way that these two seemingly different constructions are easily seen to be equivalent. We also get the one-point compactification as a (perhaps unexpected) special case.
